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FLOW PAST A CIRCULAR CYLINDER

3.1 Introduction

Relative motion between some object and a fiuid is a common occut-
rence. Obvious examples are the motion of an acroplane and of a
submarine and the wind blowing past a structure such as a tall building or
a bridge. Practical situations are, however, usually geometrically compli-
cated. Here we wish to see the complexities of the flow that can arise
even without geometrical complexity. We therefore choose a very simple
geometrical arrangement, and one about which there is a lot of
.information available.

This is the two-dimensionai flow past a circular cylinder. A cylinder of
diameter d is placed with its axis normal to a flow of free stream speed
ug; that means that u, is the speed that would exist everywhere if the
cylinder were absent and that still exists far away from the cylinder. The
cylinder is so long compared with d that its ends have no effect; we can
then think of it as an infinite cylinder with the same behaviour occurring
in every plane normal to the axis. Also, the other boundaries to the flow
{e.g. the walls of a wind-tunnel in which the cylinder is placed) are so far
away that they have no effect.

An entirely equivalent sitnation exists when a cylinder is drawn
perpendicularly to its axis through a fluid otherwise at rest. The only
difference between the two situations is in the frame of reference from
which the flow is being observed. (Aspects of relativity theory are already
present in Newtonian mechanics.) The velocity at each point in one
frame is given by the vectorial addition of u, onto the velocity at the
geometrically similar point in the other frame (Fig. 3.1). This transfor-
mation does not change the accelerations involved or the velocity
gradients giving rise to viscous forces: it thus has no effect on the
dynamics of the situation. (These remarks apply only when iq is constant;
if it is changing then one does have to distinguish between the cylinder
accelerating and the fluid accelerating.)

It is, however, convenient to use a particular frame of reference for
describing the flow. Except where otherwise stated, the foliowing
description will use the frame of reference in which the cylinder is at rest.
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Fic. 3.1 Velocity vectors &, and u, at point A in two frames of reference.

3.2 The Reynelds numbez

One can have various values of d and u, and of the density, p, and
viscosity, u, of the fluid. For reasons like those applying to pipe flow
(Section 2.4) the important parameter is the Reynolds number

d
Re = 2208 (3.1)
u

This is the only dimensionless combination and one expects (and finds)
that the flow pattern will be the same when Re is the same. We thus
consider the sequence of changes that occurs to the flow pattern as Reis
changed. We are concerned with a very wide range of Re. In practice this
means that both u, and d have to be varied to make observations of the
full range. For example, Re = 107 corresponds in air to a diameter of
10 ym with a speed of 0.15ms™* {or in glycerine to a diameter of 10 mm
with a speed of 10 mm s™*); Re = 10° corresponds in air to a diameter of
0.3m with a speed of S0ms™. Thus experiments have been done with
cylinders ranging from fine fibres to opes that can be used only in the
largest wind-tunnels.

3.3 Flow pattemns

The foliowing description of the flow patterns is based almost entirely on
experimental observations. Only for the lowest Reynolds numbers can
the flow as a whole be determined analytically {Section 9.5), although
there are theoretical treatments of aspects of the flow at other Reynolds
numbers, Some of the flow patterns have also been studied
computationally.

Figure 3.2 shows the flow when Re <<1. The lines indicate the paths of
elements of fluid. The flow shows no unexpected properties, but two
points are worth noting for comparison with higher values of the
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Fic. 3.2 Low Reynolds number flow past a circular cylinder.

Reynolds number. Firstly, the flow is symmetrical upstream and down-
stream; the right-hand half of Fig. 3.2 ts the mirror image of the left-hand
half. Secondly, the presence of the cylinder has an effect over large
distances; even many diameters to one side the velocity is appreciably
different from ug.

As Re is increased the upstream-downstream symmetry disappears.
The particle paths are displaced by the cylinder for a larger distance
behind it than in front of it. When Re exceeds about 4, this leads to the
feature shown in the computed flow pattern of Fig. 3.3. Fluid that comes
round the cylinder close to it moves away from it before reaching the rear
point of symmetry. As a result, two ‘attached eddies’ exist behind the
cylinder; the fluid in these circulates continuously, not moving off
downstream. These eddies get bigger with increasing Re [131]; Fig. 3.4
shows a photograph of the flow at Re =40 just before the next flow
development takes place. (For further computed flow patterns in this
regime see Section 6.2.} '

The tendency for the most striking flow features to occur downstream
of the cylinder becomes even more marked as one goes to higher
Reynolds numbers. This region is called the wake of the cylinder. For
Re 40 the flow in the wake becomes unsteady. As with transition to
turbuience in a pipe (Section 2.6), this unsteadiness arises spontaneously
sven though ail the imposed conditions are being held steady.

Figure 3.5 shows a sequence of patierns in a cylinder wake, produced
by dye emitted through a small hole at the rear of the cylinder. The
instability develops to give the flow pattern, known as a4 Kdrman voriex
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e = 10 (computed: Ref. [1407}.

P, 3.3 Flow past a circular cylinder at R

Fi. 3.4 Attached eddies on circular cylinder at Re =41, exhibited by ceating

eylinder with dye {condensed milk). Ref. [364].
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F1c. 3.5 Cylinder wakes exhibited by dye introduced through hole in cylinder.
{Cylinder is obscured by bracket but can be seen obliquely, particularly in {a} and
{f}.){a) Re =30; (b) Re = 40; (c) Re = 47; (d) Re = 55; {e} Re =87, () Re = 100,
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Fic. 3.6 Relative positions of vortices in Kdrman voriex street.

street, shown schematically in Fig. 3.6, Concentrated regions of rapidly
rotating fluid—more precisely regions of locally high vorticity {a term O
be defined in Section 6.4)—form two TOWs o1l cither side of the wake. All
the vortices on 0ne qide rotate in the same sense, those on oppasite sides
in opposite senses. Longitudinaily, the vortices on one side are midway
between those on the other.

The whole pattern of vortices travels downstream, but with a speed
rather smaller than to. This means that for the other frame of reference,
a cylinder pulied through stationary fuid, the vortices slowly follow the
cylinder. Figure 1.7 shows a photograph taken with this arrangement. A
moderately long exposure shows the motion of individual particles in the
fuid. Because the vortices are moving only slowly relative to the camers,
the circular motion assoctated with them is shown well.

Vortey streets aise rather commonly in flow past obstacles (e.g. see
also Sections 15.1, 17.8, 26.2, 26.8). Their basic cause is flow instability;

Fic. 3.7 Vortex street exhibited by motion of
through which cylinder has been drawn; Re = 200, From Ref. [380].

particles floating on water surface,



Fie. 3.8 Moton immediately pehind cylinder; Re = 110.

the dynamics of this will be considered in gection 17.8. The process by
which a voriex street is formed is often called ‘eddy shedding’, but this
name may not always e appropriate. 1n the case of How past a circular
cylinder, it ;s applicabie when the Reynolds aumber exceeds about 100
(Section 17.8). Then the attached eddies are pariodicaﬂy shed from the
cylinder tO sorm the vortices of the street. Whilst the eddy on one¢ side is
being shed, that OB the other side is re-forming. Figure 3.8 shows a
close-up of the region immediately behind the cylinder, with the same
dye system as in Fig. 3.5, during this process.

Figure 3.9 shows 2 side-view of a voriex street, again shown by dye
released at the cylinder. gometimes the vortices are straight and closely
parallel to the cylinder (indicating that the shedding occurs in phase all
along the cylinder); sometimes they are straight but inclined to the
cylinder, as in the top part of Fig. 3.9 (indicating 2 linear variation in the
phase of shedding); and sometimes they are curved, as in the bottom part
of Fig. 3.9 {indicating @ more complicated phase variation). The exact
behaviour is very sensitive to disturbances and so it is difficult t0 predict
just what will occur at any given Reynolds aumber. One <at, however,
say that the lower the Reynolds number the greater is the likelibood of
straight, parallel vortices,

1t should be emphasized that in Figs. 1.5, 3.8, and 3.9 the introduction
of dye was continuous. The gathering into discrete regions is entirely 2
function of the fow.

Figure 310 shows a sequence of oscillograms at two points fined
relative 10 8 cylinder in @ wind-tunnel as tbe main flow veloctty is
increased. In Fig. 3.10(a) and (b} it can be seen that the passage of the
vortex street past the point of observation produces an almost sinusoidai
variation. The frequency of this, n, 18 gsually specified in terms of the
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Fic. 3.9 Side-view of vortex street behind cylinder; Re = 150. From Ref. [891.

non-dimensional parameter
St = nd/ug (3.2)

known as the Strouhal number. St is a function of Re (although a
sufficiently slowly varying one that it may be said that St is typically 0.2).

The remainder of Fig. 3.10 illustrates the most important aspect of
what happens as the Reynolds number is further increased. The complete
regularity of the fluctuations is lost. Comparison of the oscillograms at
the same Reynolds number shows that the irregularifies become more
marked as one goes downstream. Further instabilities are leading to the
breakdown of the vortex street, producing ultimately a turbulent wake
such as that shown in Fig. 3.11. The term turbulent implies the existence
of highly irregular rapid velocity fluctuations, in the same way as il
Section 2.6. The turbulence is confined to the long narrow wake region
downstream of the cyiinder. The character of a turbulent wake will be
discussed in more detail in Sections 21.3 and 21.4.

The f{ramsition to turbulent motion is a consequence of further
instabilities 195], which will be considered more fully in Section 17 8. In
summary, there are two important types of instability: one occurring
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Fia. 3.1 Turbulent wake exhibited by dye emitied from cylinder {ont of picture
toright). From Ref. 186].

when the Reynolds number exceeds about 200 and acting three-
dimensionally on the vortex sireet as a whole; the other occurring when
Re exceeds about 400 and originating just downstream of the points of
fiow separation from the cylinder (Fig. 3.12). Because the latier ocours
further upstream it is the primary cause of tramsition once Re>400. In
fact there is a wide range of Reynolds aumber, from this value up 1o
about 3 % 10°, in which, although there are changes in details of the flow
[95, 175,297}, the broad picture, of a primary instability producing a
vortex street and a secondary one distupting this to give a turbulent
wake, remains the same.

At Re=3x10°, a dramatic development occurs. To understand this
we must first consider developments at Jower Re at the front and sides of
the cylinder. There the phenomenon known as boundary layer formation

Fic. 3.12 Flow past cylinder at Re = 4800. High-speed schlieren (Section 25.4)
photography with smali density difference produced in aiy flow by introducing &
small amount of carbon dioxide at cylinder surface. From Ref. [230].
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occurs. 1his will be the subject of a full discussion later in the book
(Section 8.3 and Chapter 11). For the moment, we may just say that
there is a Tegion, called the boundary layer, next o the wall of the
cylinder 1D which all the changes 10 the detailed flow patiern OcCul.
Outside this the flow pattern 15 independent of the Reynolds number. For
ihese statements tO mean anything, the boundary layer must be thin
compared with the diameter of the cylinder; this is the caseé when Re i8
greater than about 100. (Boundary layer formation does not start by @
sudden transition of the sort we have been considering previously; it is an
asymptotic condition approached at high enough Re. The figure of 100 18
just an order of magnitude.)

The change in the flow at Re=~=3X 10° results from developments i
the boundary layer. Relow this Reynolds pumber the motion there i8
laminar. ADOVE, it undergoes transition 1O surbulence. At first, this
transition takes & rather complicated form [157, 325k Jaminar fluid close
to the wall moves away from it as if it were entering the attached eddies;
transition then OCCUIS very quickly and the turbulent flow reattaches 10
the wall only 2 small distance downstream from the laminar separation.
{See Section 12.6 for more precise consideration of these processes. )
Thete are also complications due to the facts that the transition can OCCuX
asymmetrically between the WO sides of the cylinder (157} and nom-
aniformly along 1ts tength [157, 2031

At higher values of the Reynolds number, above about 3 X 108,
crapsition occars in the boundary layer itself, thus climinating the laminar
separation and turbulent reattachment. The iransition process is now
similar to that described for pipe flow.

Whether or not it has previously undergone laminar separation and
eurbulent reattachment, the turbuient boundary layer itself separates; the
Auid in it moves away srom the wall of the cylinder and into the wake
some distance before the rear line of symmetry. This occurs, hOWEVEr,
much further round the cylinder than when the boundary layer remains
saminar (Fig. 3.13). As a resuit the wake is narrower for Re> 3% 10°
than for Re<<3 % 10°. When Re >3 X 1(°, the fuid entering the wake is
aiready turbulent and so the tramsition process smmediately behind the
cylinder 1 eliminated.

Markedly periodic vortex shedding remains & characteristic of the flow
gp to the highest Reynolds aumber (~107) at which observations have
been made. When this is not immediately apparent from oscillograms iike
Fig. 3.10, Fourier analysis reveals the presence of a dominant frequency
amongst the other mMOTe sandom fluctoations. There are in fact WO
ranges, 200 < Re < 400 and 3% 1P < Re <3 % 10°, in which the regu
tarity of shedding decreases: in the former she Strouhal number shows 2
iot of scatter; in the latter the periodicity s lost except very close behind
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/ . ; Turbulent separation
Laminar separation \ B Turbulent separation

Turbulent reattachment

Latminar separation
Re < 3 x 10° 3x10° < Re < 3x10° fe > 3 x 10°

Tig, 3.13  Separation positions for various Reynolds number ranges.

the cylinder [90, 325]. The ends of these ranges can be identified with
changes in the flow discussed above. At the top end of each range the
change restores the regularity which had been lost at the bottom end; the
Strouhal number becomes well defined again.

3.4 Irag

An important quantity associated with the relative motion between a
body and a fiuid is the force produced on the body. One has o apply a
force in order to move a body at constant speed through a stationary
finid, Correspondingly an obstacle placed in a moving fluid would be
carried away with the flow if no force were applied to hold it in place.
The force in the flow direction exerted by the fluid on an obstacle 1

JEppeN——

the drag, There 1s an equal and opposite force éxerted by the
“obstacle on the fluid.

At high Reynolds numbers, this can be thought of as the physical
mechanism of wake formation. Because of the force between it and the
obstadle, momentum is removed from the fuid. The rate of momentumn
transport downstream must be smaller behind the obstacle than in front
of it. There must thus be a reduction in the velocity in the wake region
(Fig. 3.14). (At low Reynolds numbers, when the velocity and pressure .
are modified to large distances on either side of the obstacle, the situation
is more complex.)

For the circular cylinder the important quantity is the drag per unit
length; we denote this by D. It is conventional 1o present results for D in
terms of the drag coefficient, defined as

D
dpuid’

Ch (3.3)




ation

with
the
the

T d
v a
ary
be
e,
8
he

3.4 DRAG 33

]

k“‘*“
Fig. 3.14 Wake production: schematic velocity profiles upstream and down-

stream of an ohstacle.

This anticipates ideas to be introduced in Chapter 7. It is plausible ahead
of that discussion that, since the Reynolds number is being used to
specify the conditions, results for D shoutd be presented nou-
dimensionally; Cp is non-dimensional. "This procedure does in fact enable
all conditions to be covered by a single curve, shown in Fig. 3.15. The
curve is based primarily on experimental easurements, 00 NUMETOs o
show individual points. At the low Re end the experiments can be
matched to theory.

The corresponding plot between Reynolds number and drag coefficient
can also be given for a sphere, although with less precision because of the
experimental problem of supporting the sphere. The curve, although
different in detail, shows ail the same principal features as the one for the
cylinder.

A few features of the curves merit comment, some of these being
points to which we shail return in later chapiers.

WMW

Re

Fig. 3.15 Variation of drag coefficient with Reynolds aumber for circular
cylinder. Curve is experimentai, hased on data in Refs. [139, 159, 325, 370, 386,

410]. See aiso Refs. 204, 2111
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At low Reynolds pumbers,

1
Cp ot 3.4
R (3.4
(This is actually an accurate representation for the sphere, an approxi-
mate one for the cylinder—see Sections 9.4 and 9.5.) For a given body in
a given fluid (fixed d, p, and ) this corresponds 10

D « ug. (3.5)

Direct proportionality of the drag to the speed is a characteristic
behaviour at low speeds.

Over a wide range of Reynolds pumber (10° to 3 X 10%) the drag
coefficient varies litile. For a given body in a given fluid, constant Cp
corresponds to

D = u. (3.6}
Proportionality of the drag to the square of the speed is often 2
characteristic behaviour at high speeds.

However, there is a dramatic departure from this pehaviour at
Re =3 x 10°. The drag coefficient drops by a factor of over 3. This drop
occurs sufficiently rapidly that there is actually a range over which an
increase in speed produces a decrease in drag. We have seen that this
Reynolds number corresponds to the onset of turbulence in the boundary
tayer. The consequent delayed separation of the boundary tayer results in
s narrower wake. Since this in turn corresponds to less momeRtum
extraction from the flow, one might expect the lower drag. The result is
nonetheless a somewhat paradoxical one since transition to turbulence
usually produces ai increased drag. In fact, on the cylinder and sphere,
he force exerted directly by the boundary layer does increase On
trapsition. But this is more than counteracted by another effect: changes

in the pressure distribution over the surface. This will be discussed more
fully in Section 12.5.






