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SYSTEMATIC DERIVATION OF JUMP CONDITIONS FOR THE
IMMERSED INTERFACE METHOD IN THREE-DIMENSIONAL
FLOW SIMULATION*
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Abstract. In this paper, we systematically derive jump conditions for the immersed interface
method [SIAM J. Numer. Anal., 31 (1994), pp. 1019-1044; SIAM J. Sci. Comput., 18 (1997), pp.
709-735] to simulate three-dimensional incompressible viscous flows subject to moving surfaces. The
surfaces are represented as singular forces in the Navier—Stokes equations, which give rise to discon-
tinuities of flow quantities. The principal jump conditions across a closed surface of the velocity, the
pressure, and their normal derivatives have been derived by Lai and Li [Appl. Math. Lett., 14 (2001),
pp. 149-154]. In this paper, we first extend their derivation to generalized surface parametrization.
Starting from the principal jump conditions, we then derive the jump conditions of all first-, second-,
and third-order spatial derivatives of the velocity and the pressure. We also derive the jump con-
ditions of first- and second-order temporal derivatives of the velocity. Using these jump conditions,
the immersed interface method is applicable to the simulation of three-dimensional incompressible
viscous flows subject to moving surfaces, where near the surfaces the first- and second-order spa-
tial derivatives of the velocity and the pressure can be discretized with, respectively, third- and
second-order accuracy, and the first-order temporal derivatives of the velocity can be discretized
with second-order accuracy.
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1. Introduction. Blood flow in the heart [23, 24, 25], aquatic animal locomotion
[10, 15], bird and insect flight [31, 32, 3, 8, 9, 13], and flow passing a compliant
wall [35, 6, 14, 4] are examples of fluid dynamics problems where it is essential to
understand the coupling between moving surfaces and fluids. A main difficulty in
direct numerical simulation of these problems is to accurately and efficiently resolve
the moving surfaces and their effects on the fluids.

Cartesian grid methods, for example [28, 5, 30, 22, 21], avoid mesh regeneration
and allow for fast flow solvers, and thus have the advantage of simplicity and efficiency
for this type of problem. The immersed boundary method is a robust Cartesian grid
method. It was originally proposed by Peskin [23, 24] and later further developed
in [29, 26, 27, 16]. In this method, the moving surface of an immersed object is
parametrized by a set of Lagrangian points comoving with a fluid. The relative posi-
tions of the Lagrangian points determine a singular force distribution on the surface
based on the solid model of the object. The communication between the surface and
the fluid is achieved through the spreading of the singular force and the interpolation
of the surface velocity using discrete Dirac ¢ functions. The method has been applied
to a wide variety of problems [10, 11, 25, 1, 37].

The initial implementations of the immersed boundary method were only first-
order accurate in space due to the use of grid-dependent discrete Dirac ¢ functions.
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Beyer and LeVeque [2] examined the accuracy of the method for the one-dimensional
diffusion equation and found that additional terms for the discrete approximation of
the Dirac 6 function are sometimes necessary in order to achieve second-order accu-
racy, but it is unclear how to maintain the second-order accuracy by incorporating
additional terms in fluid dynamics problems of higher dimensions. Although a for-
mally second-order immersed boundary method was proposed [16], it is second-order
accurate only if the Dirac § function is replaced by a grid-independent smooth func-
tion; in practice, it is still first-order accurate. Realizing that only the divergence-free
portion of the singular force contributes to the temporal evolution of the velocity, and
that the projection of discrete Dirac ¢ functions onto a divergence-free space may be
computed analytically, Cortez and Minion [7] devised the blob projection immersed
boundary method, which displays the formally fourth-order convergence rate of their
background flow solver. However, the analytical form of the projection depends on the
velocity boundary conditions imposed on a computational domain. Thus the method
may be limited to particular boundary conditions in simple geometries. It is also
unclear how accurately the pressure can be recovered.

Motivated by the goal of eventually obtaining second-order accuracy in Peskin’s
immersed boundary method, LeVeque and Li [18, 19] have developed the immersed
interface method (IIM). The IIM was originally proposed for elliptic equations [18] and
Stokes equations [19]. Later, it was extended to one-dimensional nonlinear parabolic
equations [33], Poisson equations with Neumann boundary conditions [34, 12], and
two-dimensional incompressible Navier—Stokes equations [20]. The key idea of the
IIM, which is also its main difference from the immersed boundary method, is to
incorporate the known jump conditions of a solution and its derivatives into finite
difference schemes in the neighborhood of the discontinuities arising from the Dirac
6 function. For fluid dynamics problems with moving surfaces, the coupling between
the moving surfaces and the fluids is now translated into the incorporation of the
jump conditions.

If necessary jump conditions are known, the IIM can achieve second-order or even
higher-order accuracy. The two-dimensional Navier—Stokes simulations by Li and Lai
[20] using the IIM have indicated fully second-order accuracy for the velocity and
nearly second-order accuracy for the pressure in the infinity norm. Solutions computed
by the IIM are sharper across surfaces than those computed by the immersed boundary
method. Furthermore, the IIM shows better conservation of the mass enclosed by a
no-penetration surface.

Like any other method, the IIM has its limitations. For instance, the current IIM
applies only to flows with closed smooth surfaces, as seen in its presentation later
in this paper. Both the IIM and the immersed boundary method also inherit the
shortcomings of fixed Cartesian grid methods. For example, thin boundary layers
developed along a moving boundary and fine geometric details can be adequately
resolved only if the uniform computational mesh is fine enough. It should also be
noted that, for many bio-fluid dynamics problems, the computation of the singular
force distribution is a modeling process, and improvement in the accuracy of the IIM
or the immersed boundary method cannot eliminate modeling errors.

The applicability of the IIM depends on whether the necessary jump conditions
are all known. The principal jump conditions across a closed surface of the velocity,
the pressure, and their normal derivatives have been derived by Lai and Li [17] for
three-dimensional incompressible viscous flows. The main contribution of our paper
is to derive for the IIM the necessary jump conditions of flow variables and their
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derivatives to achieve a given-order discretization accuracy in three-dimensional flow
simulation. Other contributions include generalized Taylor expansion, which is the
basis for devising finite difference schemes for the IIM; a generalized Gauss theorem,
which serves as the basic tool in the derivation of the principal jump conditions;
the principal jump conditions in generalized surface parametrization, which bring the
flexibility to parametrize a singular surface in practical applications; and the jump
conditions of temporal derivatives, which are required to achieve first-order or higher-
order temporal discretization accuracy.

The content of the paper is organized as follows. In section 2, the governing
equations are described; they are the starting point for the derivation of the prin-
cipal jump conditions. In section 3, the principal jump conditions are derived. In
section 4, finite difference schemes with jump conditions incorporated are presented.
In sections 5 and 6, the required spatial and temporal jump conditions are derived.
A simple example is also provided in section 6 to address the proper discretization of
temporal derivatives. In section 7, the possibility of improving the IIM to arbitrarily
high-order discretization accuracy is discussed.

Since the original submission of this paper, we have implemented and tested the
IIM in two-dimensional flow simulations with jump conditions obtained from our
theoretical derivation below. Please refer to Xu and Wang [36] for the full numeri-
cal implementation and the test results. The test results serve in part to verify our
derivation in the current paper. We have also progressed on the development of a
three-dimensional code. We hope to provide the three-dimensional results soon.

2. Governing equations. Incompressible Navier—Stokes equations subject to
singular force are

ou’ - Out dp 0%ul .

J — 7

21) p ( o v 3:&) o M oziow A
out

where z%(i = 1,2,3) is in Cartesian coordinates, t is time, p is fluid density, u® is
velocity, p is pressure, u is dynamic fluid viscosity, and F? is the singular force. Taking
the divergence of momentum equation (2.1) and applying continuity condition (2.2)
gives the Poisson equation for pressure p as

?*p  OF D (paui .8ui)

- - j
(23) dridxt Ozt Ozt +ou

ot OxJ

We consider the situation that the singular force is applied on the closed surface of
an immersed object, and we call the surface singular surface S. Referring to Figure 2.1,
singular force F* is given by

(2.4) Fi= / fiat,a? t)6(x — X(at, a?, t))datda?,
s

in which x := (21,22, 23) is the Cartesian coordinates, X(a!,a?t) := (X1, X2, X3)
is the coordinates of the singular surface, 6(x — X(at,a?,t)) is the three-dimensional
Dirac § function, fi(a!,a?,t) is force density, and o' and a? are two Lagrangian
parameters which parametrize the singular surface at a reference time. We assume
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FIG. 2.1. Cartesian coordinates z*(i = 1,2,3) and curvilinear coordinates o’(i = 1,2,3). ol
and a? are two Lagrangian parameters which parametrize the singular surface S at a reference time.
X is the coordinates of the singular surface. 71, T2, and n are respectively the two tangential vectors
and the normal vector at X.

that fi(a',a? t) is a smooth function of o', o, and t. Mathematically, F* can be
regarded as a distribution function with the property

FidQ = fi(at, a?,)d(nS),
Q ons

where ) can be a volume or a surface.

3. Principal jump conditions. We now derive the principal jump conditions
of the velocity, u’, the pressure, p, and their normal derivatives, %—f: and g—ﬁ, across
the singular surface, S.

We assume that the velocity, the pressure, and their derivatives are piecewise
smooth with discontinuities only at the singular surface. The singular surface, S :
X = (X1, X2 X3), is assumed geometrically regular and orientable. For every point

on the surface, the parametrization by o' and o? generates a rank-two matrix

oxt ox? 9x3
Ol 9ol  Oal
oxt ox? 9x3
0a?  0a?  Oa?

The row vectors in the above matrix are two independent tangential vectors at the
point (see Figure 2.1)

1= (7_137_177_1

L (axl 0x? 8X3>’

Oal’ Oal’ dal
oX' 9Xx2 9Xx3
7—2 = (7—2177—2277—23) = (8042 ) 8042 }) 8042 >

A unit normal vector can be expressed by

1’1‘—(7’1, n ng)_ T1 X T2 _7'1)(7'2
O mxnll T
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where || - || denotes the length of a vector and J := |71 x 72]|; see Figure 2.1. In
Cartesian coordinates, n = (n',n?,n3) = (n1,n2,n3), where n'(i = 1,2,3) is a con-
travariant component and n;(i = 1,2, 3) a covariant component.

PROPOSITION 3.1. For a flow defined by (2.1) and (2.2), the velocity, u', is finite

and continuous at the immersed singular surface, S; i.e.,
(3.1) ] =0,

where [-] denotes a jump as [-] == ()x+ — (-)x-, with XT representing the point at
the side of S in the direction of normal n and X~ the point at the other side.

Continuity equation (2.2) assures only the continuity of the normal velocity com-
ponent across the singular surface. In our applications, the singular surface is a physi-
cal boundary immersed in an incompressible viscous fluid. No-slip and no-penetration
conditions on this physical boundary require the velocity to be continuous across the
singular surface and the singular surface to move with the local flow velocity, as
expressed mathematically by Proposition 3.1.

COROLLARY 3.2.

ou’ o’ ou’ [ out
3.2 J— | = | — J -1 =0
(32) {at+“ay] {m]+“[mA
Proof. A jump condition is a function of the time ¢ and the surface coordinates
X(at,a?,t), ie., [] =[] (X,t). Differentiating (3.1) with respect to time ¢ gives
d[uf](X, ) B dut(XT,t) B dut (X, 1)
a dt dt
_Oui(XTt) N Out(X*,t) dXI+
B ot Oxi dt
3 out (X~ ,t) n Out (X, t) dX7—
ot oI dt
_ [ou N out dXI7
ot 0xd dt |
From Proposition 3.1, we have d‘ﬁ? = d"éj = /. Thus, the result follows. 0
The notion of a jump condition, [-], commutes with a differentiation, and we can

therefore write the function form of a jump condition as [-(X,?)] to carry out the
differentiation hereafter.
To derive the other principal jump conditions, we need to generalize Gauss’s
theorem. Gauss’s theorem in the usual form reads
oG"?
Y 5301

dy = 7§ G'N,dA,
A

where A is a regular and positively oriented closed surface, V is the region enclosed by
A, and N; is a normal to A. It is required that the function G* and its divergence %f
be continuous over 4 and V. We generalize Gauss’s theorem to relax these continuity
restrictions. _

THEOREM 3.3 (generalized Gauss theorem). If G and ‘Zgz are continuous over
A and V except that G' has finite jumps or a singularity of the Dirac § function type
at the singular surface S enclosed in V, then

(3
(3.3) %dv = 7{ G'N;dA.
y 0T A
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The proof of Theorem 3.3 is given in Appendix A.
LEMMA 3.4. For a flow defined by (2.1) and (2.2), the jump conditions across

singular surface S of pressure p and normal velocity derivative 1:1 satisfy
frng
34 = ,
(34 b=
i k i pi
(3.5) ou') _ (ffne)n’ — f*
On uwJ

Equation (3.4) states that the normal force on the singular surface is balanced
by the difference of the pressure force across the singular surface, and (3.5) states
that the tangential force on the singular surface is balanced by the difference of the
shear force across the singular surface. Below, we prove Lemma 3.4 through the force
balance on a control volume. The same results were obtained by Lai and Li [17] by
using the test function method.

Proof. Take an infinitesimal area, S = Jéa'éa?, on singular surface S, which
corresponds to an infinitesimal area, §a'da?, in the parameter space. Translate 6S in
the directions of n and —n by €/2, and denote the swept region §). Integrating (2.1)
over 6) and letting € — 0 yields

o’ - Out 0 ou
. _ i %
251(1) ( 5 907 ) dy = 251(1) 8:51 < pé"” + Fomi ) dy + hn% 5vF dy,

where §% is the Kronecker symbol. Applying (2.2) and the Reynolds transport theo-
rem, the left-hand side of (3.6) becomes

ou’ ; Ou Oput  Opuiul d
1 -1 ! i L o _
ELO/ ( ot ox J) dy = eao/ ( ot + E; )dV lim = (pu'6V) = 0.
Applying our generalized Gauss theorem to the first term on the right-hand side of
(3.6) yields

0 ou ou
li — g —1 g
61H(1)/6Vax]< po —|—,u8 )dV im 53 [ po +,ua }dS

- <_[p]ni +p BZ’“} nk> 58.

1irr(1) FZdV*hm// fiat,a?,t)6(x — X(at, a?,t))dVdalda?
e~V Jsy

The last term in (3.6) is

= fi(at, a? t)datba’.
Thus,

([p]n’ +u [aa;tk] nk) 6S + fi(al,a? t)éatéa® = 0

= —[pln’ + p {uz} n®

filat,a?, )
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Multiplying n; above and applying the facts that nfn; + 787, + b¥b; = 6 (where
ok is the Kronecker symbol, and n, 7, and b are mutually orthogonal unit vectors),
g;‘: =0, and [%—“Tl] = [%‘g] =0 (from [u!] = 0), we obtain

7]”‘”1'
Pl ==

ou'] , _ —f i [ou'] _ (FFagn’ — f°

Now we use the test function method to derive the jump condition of the nor-
mal pressure derivative, g—ﬁ, across the singular surface with generalized surface
parametrization. To prepare for the derivation, we first introduce a coordinate trans-
formation (see Figure 2.1) between Cartesian coordinates x'(i = 1,2,3) and curvilin-

ear coordinates a'(i = 1,2,3) as

' =zt (at, a? a?),
o' =a'(zh 2?, 2%),

[

3 1 .2

where o is a new coordinate with x(at,a?,a® = 0,t) = X(al,a?,t) corresponding
to the singular surface, S, and a® is chosen to satisfy
ox(at,a?,a® =0,t)
oo’

It can be shown that
Vo =n,

where V is the gradient operator in the Cartesian coordinate system. Let f? be a
contravariant component of the forcing density vector in the curvilinear coordinate
system. It is related to f* through

i
Ji= g
dzd” 7
where %“; satisfies
X
dz* oo’
dat Oxd 77

in which 5;? is the Kronecker symbol and ‘gﬁ; can be written in a matrix form on the

singular surface S as

T
T
(3.7) Cl = T21 T22 T23 5

n n n

where superscript T' denotes the transposition of a matrix. As the determinant of C
is |Cy] =n- (11 X 12) # 0, C is nonsingular.

LemMMA 3.5. The jump condition of mormal pressure derivative % across the
singular surface is

) 1 (9f Of>
(3.8) [aﬂ:j<&{ﬂ+a@£2>'
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Proof. Take control volume V, so that Vs is a layer with thickness e containing

singular surface S. Denote the surface of V; by A. Multiplying a smooth test function,
¢(x), by (2.3) and then integrating over V, with € — 0 yields

. 9%p OF? 0 ou? 8u
& /V oo / Por Y I |, Pou (” ot TP i )dv
(3.9)

With Theorem 3.3, the term on the left-hand side of (3.9) can be written as

o 0 op 9?%¢ 0 09
Ho/ ° 1axz =i /V (axi (%xi) TP rior ~ or (p oz ) )V
— | 99
- /s (o[ 8] - i) as
:/ (¢ [8})} [p 8¢) Jdatda?.
S on
Due to Theorem 3.3, the first term on the right-hand side of (3.9) becomes
= lim / IOF) 1y lim/ Fia—(b.dv
—0 Vs oxt e—0 x?

L 3(;3 0o
7721—{% adeV— /f al,a? t)a

/(f1 09 +f2%+f g¢>da1da2

B aft  af? o 99 . 1,
_/¢<M+3 da da —/Sf-na—ndada.

In the last step above, we used the fact that the singular surface is closed. With (3.2),
the last term on the right-hand side of (3.9) becomes

) 0 ou’ o’
—0 )y, " dxi (p ot oz j)dV
. 0 ou’ 0¢ ;0u
J _
Ty (“”’ ot TPy )dv o /V o ('0 o axa) ad

ou’ ou i d o9 B
/ ([ ]—i— jby]) dS — €_>0dt (8zipu>dv—0.

Plugging the equalities for the three terms back into (3.9) and applying (3.4) gives

e—0

_datda?

|
3

I
@
S

Because ¢ is arbitrary, we have
on), of _op
on dal  0a2

which ends the proof. ]



1956 SHENG XU AND Z. JANE WANG

We have by now derived all the principal jump conditions. They are

(3.10) [u'] =0,

[
(3.11) [p] = 7
8ui 7 (fknk)nz _ fz
12 2] _ na =1
op] 1 (oft  of?

4. Finite differencing in the ITM. The fundamental idea of the IIM in a flow
simulation is to incorporate jump conditions in finite differencing at discontinuities
caused by the singular force. A finite difference scheme has its usual form if its stencil
does not cross the singular surface. If its stencil crosses the singular surface, it contains
additional terms. The additional terms are composed of the jump conditions and
are referred to the jump contribution to the finite difference scheme hereafter. To
determine the form of the jump contribution in a finite difference scheme, we follow
generalized Taylor expansion for a piecewise smooth function, which is given below
as a lemma.

LEMMA 4.1 (generalized Taylor expansion). Assume function g(z) has discon-
tinuity points of the first kind at z1,22,...,2m M (20, 2m+1),20 < 21 < 292 < -+ <
Zm < Zm+1, and g(z) € C®(z0,21) U (21,22) U -+ U (Zm, Zm+1)- g(2) can be either
continuous or discontinuous at zo and zy+1. Let [g)(z1)] = g™ (7)) — g™ (27 ) (n =
1,2,...51=1,2,...,m). Then

() (5 m oo
41)  glzp,,) = Z g (. D (s — 20)" Z Z A—

n=0

Proof. Taylor expansion for g™ (z;7) about z;" | yields

e gw+ﬁyzf1) 5

9" (=) = 52:0 T_(Zl —2z1-1)".

With the use of the binomial theorem, we thus find that
= 9 ) (= me)?

oo (n) Z_
> T - =3 o

n=0 =0

(Zma1 —21)"

e o] Y _ 8 _ —
=ZZQ”)(zil)(Z‘ 2-1)° (zmr —2) 07

= By — B)!
g (i
97 4)
= %(szrl - Zlfl)’y~
¥=0 v

With g™ (z",) = g(’“(Zzil) + (9" (21-1)], thus

(4.2) Zg L Zm+1*Zl Z l ) (Zm+41 — z1—1)"

n=0

> g(n)

g \z- n

+ Z #M(Zm+1 — 2171) .
n=0
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With g™ (2h) = g™ (z;,) + [9™) (21n)], Taylor expansion for g(z,,, ) at z; yields

0 () (ot
G =3 ) (e

|
~
> g(n) (5= > g(n)
= Z T(2m+1 — Zm) + Z T(zm+1 — Zm) .
n=0 n=0
Using recursion (4.2) repeatedly above gives the desired result. |

COROLLARY 4.2. The Taylor expansion for g(zj) about z,, , is
>© (M (z= m. X [,(n)
3 9" (Zmi1) Yy l9" (21)] n
(43) g(z(_)F) = . nl 1 (ZO - Zm+1) + T(ZO — Zl) .

Jump conditions at the singular surface enter a finite difference scheme in the
neighborhood of the singular surface. The form of the finite difference scheme can
be found by applying Lemma 4.1 and Corollary 4.2. Here, we construct central finite
difference schemes for first-order and second-order derivatives in the situation where
there is a discontinuity point £ between stencil points z;_; and x; and a discontinuity
point 1 between stencil points z; and x;41. If there are more discontinuity points in
the stencil, they can easily be included in a similar manner.

LEMMA 4.3 (generalized central finite differences). Let 2,41 — x; = ©; — x;-1 =
h>0andz;—1 <& <x; <n<wmiy1. Suppose that u(x) is infinitely smooth except at
discontinuity points of the first kind & and 1. Further, u(z) can be either continuous
or discontinuous at x;41 and x;_1. Then

du(z;)  ulwi) — U(Izr—ﬁ

(14) SO0 -
* 21h<n2: 7[u:.) : (zz—l—O"—; [u(n;, (i1 —77)”>+ O(h2),
(4.5) dQZ;ﬁf ) _ ul 1)—211}5?)%(@ )

Other finite difference schemes with different orders can also be constructed based
on Lemma 4.1 and Corollary 4.2, but the number of jump conditions sets an upper
limit on the order of accuracy, as stated in the following proposition.

PROPOSITION 4.4. The highest order of a finite difference scheme for u(™ (x) with
a stencil containing a discontinuity point ¢ is m — n + 1, where m is the maximum
number for known jump conditions [u(¢)] (1 =0,1,2,...,m).

Navier—Stokes equations (2.1), (2.2) and pressure Poisson equation (2.3) have first-
and second-order spatial derivatives. According to Proposition 4.4, to discretize the
first-order spatial derivatives with second-order accuracy or the second-order spatial
derivatives with first-order accuracy near the singular surface, the jump conditions
of the velocity, the pressure, and their first- and second-order spatial derivatives are
needed. To discretize the first-order spatial derivatives with third-order accuracy
or the second-order spatial derivatives with second-order accuracy near the singular
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surface, the jump conditions of their third-order derivatives are needed as well. All
these spatial jump conditions are derived in section 5.

If the singular surface is moving, there will be jumps in the temporal derivatives
of the velocity at a grid point whenever the surface crosses that grid point. Suppose
that the singular surface passes the grid point at time ¢4, %o, ..., ¢, between time t;
and ¢,,11; then

oo m

; "u(to) (tms1 — to)" — [0mu’( tl (tmgr — )"
46 g tm = )
(46)  w'(tm+1) Z o nl +l§n§ nl

where [-] denotes a jump at time ¢t as [-] := ();+ — (-)¢~. Equation (4.6) follows
directly from Lemma (4.1). Thus, to achieve first-order accuracy when discretizing

% in (2.1), we need [u’] and [[ ] to achieve second-order accuracy, we also need

[[ 512 ]] All these temporal jump conditions are derived in section 6.1.

It should be noted that the spatial convergence rate of a simulation even in terms
of the infinity norm can be of the same order as the numerical scheme away from a sin-
gular surface, even though the discretization of some derivatives in the Navier—Stokes
equations and the pressure Poisson equation is of lower order accuracy near the singu-
lar surface. Examples can be found in Li and Lai [20] and Xu and Wang [36], where,
with second-order central finite difference discretization of all spatial derivatives away
from a singular surface, a simulation had second-order spatial convergence rates in
terms of the infinity norm for both the velocity and the pressure, even though the
discretization of the Laplace operator was only first-order accurate near the singular
surface.

5. Jump conditions of spatial derivatives. The spatial jump conditions of
velocity u’ and pressure p are given in (3.10) and (3.11). In this section we present
how to derive the spatial jump conditions of all the first-, second-, and third-order
velocity and pressure derivatives:

ELH @ ) 0%’ %p _ o*u &p )
0xi |’ oxi |’ Oxiozk |’ Oxiozk |’ 0xt0x OxF |’ 0xt0xI Oxk |’

where u is used to represent the velocity vector and a superscript (4, j, or k) takes a
value 1,2, or 3 in three-dimensional simulation.

5.1. Jump conditions [g;z] and [ ] Differentiate (3.10) with respect to

¥ O
a™ (m =1,2) to obtain

(5.1)

'] _ [ou' 0X*] _ 0X* [ou’ _0
dam | dzk dam | T dam | xR |

Write (3.12) as

ou'l  fou']  (fFmg)nt — f°
> = Lo =
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Combining (5.1) and (5.2) gives

ou’
Ozl 0
(5.3) o = o
(3'11 (fknk)nz _ fz
ou’ s
L 023 |

1959

where H denotes a jump for a column vector, and where the nonsingular coefficient
matrix Cy is defined in (3.7). From (5.3), jump conditions of first-order velocity

derivatives can be solved.

Similarly, jump conditions of first-order pressure derivatives are found to satisfy

o) [ ()
" v
P ol \ I
Op i frn
(54) Cl @ = aa2 ( j ) 9
dp 1 [oft of>
93 T\ o0t T 502
J \ O« oo

from which, jump conditions of first-order pressure derivatives can be solved.

9°p

5.2. Jump conditions [%] and [%] Differentiating equation (5.1)

Oxi
with respect to ™ (n = 1,2), we have

'] [ 0%’ 9XI0X* N ' PXF
damdan | 9zidxk dam da™  dxk damdan
(5.5) OX7oXk [ 0%t | B 02 XF
’ dam™ dam | 0zidxk | Qamdan
Differentiating (3.12) with respect to o™ (m = 1,2), we have

| -0

[ ou’

|

ou’
oxJ

o [ou'] [ 9%t OX* i out on? ] O (fFn)nt — f1
dam | On | | 0xidxk dam 0xd da™|  dam wJ
(5.6) jan Ou ] 0 (ffrp)nt - f? B on?
' dam™ | xidzk | Ham uJ dam
With (3.2), equation (2.1) yields
jOu\T 0u’

o0 p(Fress)] =[]

U .
oxJ

| -0

|
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Combining (5.5), (5.6), and (5.7) gives

— 82’11/1 -
Ox10z1 0
a2ui 0
Oxlox? 0
9?ut
& . )
sq) o | 00102 9 (ffny)n’ — f°
( . ) 2 92ui - Oal [N
= & ) )
0x20x2 0 (ffng)n' — f*
0%’ da? wI
0x20x3 1[0p
0%u’ | Ozt
L 023023
92Xt 92 X? 92 x3
Oaldal  Odaldal  Oaldal
02Xt 92 X2 92 x3 _ o
ul
0a2da?  0a2da?  0a2da? %
r
02Xt 92 X? 92 x3 _
3
—| 9alda? 0dalda? Oalda? iuz ,
on! on? on? &r‘
Oal Oal Oal Ou’
on' on? on3 L 0z® ]
Oa? oo Oa?
0 0 0
where C5 is
Tll'rll 7117'12 + 7'12711 Tlle’ + 'rlel 7'12712 7127'13 + Tf’le Tfo’
7'217'21 7'217'22 + 7'22721 7217'5’ + 7'5’721 7'227'22 7'227'23 + 7'5’722 7237'5’
Cy = TiTg TiTy T TiTy 71723"’71372 T1 T2 71723‘*‘7572 713723
Tllnl T11n2 + 7'12n1 Tlln3 + T13n1 Tfn2 7'12713 + 7'13n2 Tf’n?’
7'2177,1 7'21712 + 7'22711 721n3 + Tg’nl 7'2277,2 7'22713 + 7'5’712 7'23713
1 0 0 1 0 1
11 12 13 14 15 16
Gy Cy" Gy Oy Oy G

c3t Cc¥ 03 c3t CcP o3
cst ooy o3 o3t CP o3
(5'9) T C;“ 0512 Céls 0514 0515 Cém
c3tCR CP ot CF 3
cst c§2 c$3 c8t 8 ofe

Nonsingularity of coefficient matrix C5 is proved in Appendix B, and the right-hand
side of (5.8) is known from (5.3). Thus, from (5.8), jump conditions of all second-order
velocity derivatives can be found.
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With the use of Poisson equation (2.3) for the pressure, jump conditions of all
second-order pressure derivatives can be found in the similar way to satisfy

o2 finz‘
o 0%p ] Oaloal \ T
Ox1ox! 92 Fing
51217 ! 902002 \ T
89662896 9 Fin,
32100 1(5 3 daltda? \ T
10 _ ~ ~
CA N Ty, || 2 (107 10P
912012 dat \ J 0ot T 0o
2 ~ .
e | o (1of 1op
0w 2833 da2 \ J 0ot T 0a?
0°p o
L 923913 p ou* ou/
Oxd Ox’
02Xt 0% X? 02 X3
daltdat  Haldal  daldal
02Xt 0% X? 0% x3
002002  da2da?  da2da? Op
92x1 92 X2 92 X3 ort
—| 0atda? 0dalda? dalda? 87102
dal dal dal 87103
da? da? Oa?
0 0 0
Note that
out ou? _y ou’ o’ B out [ow
Oxd Ozt | "\ 027 ) g4 | Ot OxJ | | Ozt
_ ou’ ou? n out %
- T\ 027 ) - |02 Oxd | |0zt |’
and (g%) g+ OF (%) s can be interpolated from the known velocity field which is

used to solve pressure Poisson equation (2.3). The interpolation scheme is given in Xu
and Wang [36]. From (5.10), jump conditions of all second-order pressure derivatives
can be solved.

5.3. Jump conditions [%] and [%]. Differentiate (5.5) with
respect to a! (I = 1,2) and obtain
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Plal __ 0XIXT0X" [ ou
daldamdan da™ dal Oa™ | OzidxI Oxk
93 X? ou
(5.11) T daldamdar L‘?xl]

([ OPXF axI N 92Xk 90X N 0?X7 9xk 6%u
Octda™ dan  Oalda™ Oa™ = Oa™Oa™ Oal 0xioxk |

As(I,m,n) =(1,1,1),(2,2,2),(1,1,2), or (2,2,1), we have four equations for [
Differentiate (5.6) with respect to o' (I = 1,2) and obtain

8%u ]
Oz 0z Oxk 1*

0? [au} 0% (ffnp)n—f ;X1 0XFk [ 0%u }

daldam |on| ~ daloam g " Bal dam | orioriock
(5.12) 0 (ffrp)n—f B 9?n’ Ju
’ ~ 0aldam uJ dalda™ | Oxi
_ on? oXk j 92Xk on? OXF 0%u
dam ol " 9aldam T ol dam ) | dxidLk |

As (I,m) = (1,1),(2,2), or (1,2), we have three other equations. Since a superscript
(i, j, or k) can take values 1, 2, or 3, the number of unknowns [%] is ten.

Three additional equations need to be found. Differentiating (2.1) with respect to z*

(k=1,2,3) and applying (3.2), we find

0%u 1[0 p 0%*u ou? Ou ;[ 0%u
[(%j@xjaxk] = {va] t ([Btam’“] * {aﬁaxﬂl T {Oxjaxk])
(5.13)
which provides three additional equations if [%] is known. Jump conditions
[ai);—m%] are derived in section 6.1. Thus, combining (5.11), (5.12), and (5.13) gives a

10 x 10 system for ten unknowns [%].

To simplify the system, let

; 0X* Xk
.14 d =
(5 ) ilm 60£l Oam |:

d3u
0xt0xi OxF |’

and denote the right-hand sides of (5.11) and (5.12) as r?’, (n = 1,2) and rj ,
respectively. Then, we can rewrite (5.11) and (5.12) as

1 1
dlm Tim
2 _ 2
Cl dlm - Tim ’
3 3
dlm Tim

from which we can solve d{m ( =1,2,3) since C is nonsingular. After d{m is solved,
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we can combine (5.14) and (5.13) to obtain a simplified system as

- agu -

Oxlox1ox!
8311 dl
Ozl 0x10x2 11
9Pu da,
Oxt0x10x3 di,
o &,
Ozl dx20x? 9
8311 d22
(5.15) Cs Oxt0x20x3 _ di,

. du das, |

Ozt ox30x3 43
22
_ Pu 3
022022022 dy,
9% dill

29,293
ox 8333 or di,
0°u 4t
0x20x30x3 12

9%
L Qx30x30z3 -
where

clocl2 ol oo ol oCs 0 0 0 0
C3ocs 0B B B B o0 0 0 0
chock ool ook ocb ok o0 0 o0 o
0 ¢l 0 cp o LI e, (e IS R

c2to0 02 0B 0 ¥ P 0B
oo o CP 0o cP ol o
0 cit o0 Ciz2 ol oo oM ool oo |
0 0 2 0B g
0 e e B e e e .
o 0 1 0 1 0 0 0 0
1 0 1
0 0 0

(5.16) Cs =

0 0 0 1 0
0 0

OO R OO O OO

with matrix elements defined in (5.9) and

ou’ du o 0%u
8t6x 0L 07 | Y oozt | )

Lo
(-
u

[ ] (o {g‘;;g‘;w[aﬁ;ﬁ}),
“
(51

4 _
dll_

4 _
d22_

— Bl =R

g 1 —V oul du o 0%u
127 | 923 8t8x3 023 Oz Oxidx3 | )’

To obtain a unique solution to 5) we need to show rank(Cs) = 10, which is done
in Appendix C.
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Similarly, with the use of Poisson equation (2.3), we can obtain an equation system

3
for [az'igmfazk] as
- 83p -
0zx10z10x!
_ O D},
Ox10z1022 )
83]) D22
0x10z10x3 Di,
>p D2
01022022
83 D%2
p D2
19,293
(5.17) o I I B
0°p D3y
0zx10x30x3 D3,
93p
3
02022022 Dty
93p DY,
02022 0x3 D4,
agp 4
0220z30x3 D1,
_Op
L 0x30230x3 -
in which
; 00Xt Xk &3p
5.18 D) = —
(5.18) Im = 9al dam [axlaxﬂaxk}

with j =1,2,3 and (I,m) = (1,1),(2,2), or (1,2), and

dp 0%u’ [ 0%l ou? Ou
4 J
D= or? <[8t8x1} T [ OxI Oz } { ox! 6%7:|)
B @ o O’ ol 9%ul
Ozl | Ozt Oxd Oxt Oxdfxt
ap 0%’ .
4 _ J
D2 = ozt ([8758:172} v [axﬂ 8z2} [ 2 0zd })
op [owan] , [ow
0x? | Ozt OxJ Ozt OxJ 81:2
pi__ 9 0?u! p ud Ou’
12 ozt \ | Otdx3 33:3 83:3 x3 Ozi
B @ o o’ ol 0*u?
Ox3 | Ozt OxJ Ox' Qi O3
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If fluid density p is a constant, we have

(O O%ut ]
D4 =—2 —_—
1 r | 027 QxIdx! |’
[Ou!  O%ub ]
2 r | 027 Oz Ox? |’
[Ou!  O%ut ]
D4 = — 2 - = 5 |-
12 r | Ozt O 03 |
We solve Dljm from
Dj,, R},
Ci| Db, | = Bin |-
Dy, R},
where R (n=1,2) and R}  are
o o3 fing B 03X Jdp
m = daldamdar \ T daldamdar | Ozt

B 92Xk 8Xj+ 92Xk 9XxI . 092Xi 9Xk %p
oatda™ dam  dalda™ am  da™Oa™ ol 0z Oxk |’

o0 (1oft 10f\ o [op
m = daldam \ J 0al T T 82 dalda™ | dxi
(oW axk | PxEowl axF\ [ 9%
da™ 9ot " 0alda™ = ol Bam Oxiozk |

6. Jump conditions of temporal derivatives. When singular surface S is
passing a fixed point x* in space at time t*, using X* to denote the point on S
which coincides with the point x*, for flow quantity v, we have the following relation

between [(X*, 7)) = (¢)p+ — (¥)s-- and [P(X7,17)] = ()s+ — (¥)s-:

| ¥, uEx)-n(X*) <0,
(6.1) lvl= {—[w], u(x’) -n(X*) > 0.

If u(x*) - n(X*) = 0, we can approximate temporal derivatives at x* by those at
X*|g+ or X*|s- with [-] = 0. Thus, instead of deriving [u’], 86715]]7 and [[8;7;1 ,
we turn to deriving [u?], [%—f], and [agt’él]. We also need to derive [%], which
appears in the right-hand side of (5.13). The spatial jump condition of velocity, [u'],
is already given in (3.10).

Note that we need interpolation to obtain t* and jump conditions evaluated at t*

in simulation practice. The interpolation procedures are given in Xu and Wang [36].

6.1. Jump conditions [38—75}, [%ﬁi], and [%]. From (3.2), we directly
have

(6.2) {%ﬂ =~ [gﬂ
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Differentiating (6.2) with respect to ¢, we have
0’ [ 0% o’ Ou’ - 0’ ou? Ou’
T o | ) [ 0k k|
(6:3) { e ] 2u {62&8333'] [ o 8333} uwu [ijaa:kl u [833’“ 83;3'}

where [%] also appears on the right-hand side of (5.13).
Differentiating (6.2) with respect to o! (I = 1,2), we obtain

(6.4) OXF [ 9%’ |  0Xx* %% o 0%u’
' dal |otoxk | ol \ | 0xd Oxk Oxidxk | )’
Differentiating (3.5) with respect to time ¢, we obtain

02’ d (ffnp)n® — f1 dnk [Oul [ 0%t
k _ N k) S T ko
(6:5) " [8@3:’“} dt uT dt [83:’“] e {83:’“83:7'] '

Denote the right-hand side of (6.4) by i (I = 1,2) and the right-hand side of (6.5)
by ri3. Combining (6.4) and (6.5) then gives

[ 820t ]
8t833‘1 7’%1
82ui i2
6.6 C —Z | =|r ,
(6.6) ! OtOx? t
0%u? ri?
L OtOx3 |

. 2 i
from which we can solve [%].

6.2. A numerical example. Here, we implement the IIM in a one-dimensional
linear wave equation with a moving singular source. This simple example is designed
to illustrate the necessity of including temporal jump conditions in the discretization
of temporal derivatives. We also examine the convergence property of the IIM in this

example.
The system has the following form:
% +a% =c(t)o(x — X(t)), X(@)=0b, L<z<R,
u(;v,O) = g(a:)7
ou(L,t) o,
or

where a and b are constants satisfying a > 0 and a # b. The analytical solution to
the problem is

u(a, 1) = gla — at) +

h(z — l;t()athb()at — ) . (:Z:c;t)

where h(z) is the step function.
Integrating the wave equation with respect to x from X~ (t) to X (), the jump
condition of u at x = X (¢) can be obtained as

o = 22
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where [] = (-)x+ — (-)x-. Following the procedure described in sections 5 and 6.1,
we have derived the jump conditions at the singular source x = X (¢):

0= [t (2] (2o

e [ el o R L R

where [-] = (-)¢#+ — ()¢—. At the wave front generated by the singular source, i.e., at
x = X (0) + at, the solution is continuous but unsmooth, and the corresponding jump
conditions are

=0 (5] = a2 o= 5] =
[u] =0, |[?9ﬂl - T dfl(tt)’ |[aascgt}l =0 |Btg]] =0

The Crank—Nicolson method is used to discretize the problem on a uniform mesh:

uttt —yn a ult , —ul
3 7 Tn = 1+1 1—1 Xn
( R oar oK

u -t
+ 1+1 1—1 + CX'n+1 + CXCTZL — 0’
2Ax ’

where n denotes a time layer, i an interior grid point, At a time step, Ax a space
step, CT the jump contribution in the finite difference of the temporal derivative, C X
the jump contribution in the finite difference of the spatial derivative, and CXT the
jump contribution to keep the second-order temporal accuracy of the Crank—Nicolson
scheme. The jump contributions C'T', C X, and C'XT are caused by the unsmoothness
of the solution. We calculate CT and CX according to generalized Taylor expansion
to achieve O((At)?) and O((Az)?) accuracy of the finite differences. The calculation
of CXT originates from the following generalized Taylor expansion:

ou\" ou\" Pu\" ou 0%u
— == At — At At)?.
<8w> (ax) * <8x8t> * (|[8x]l * |[8x8t}] > +O(AY)
If there is a grid point I satisfying X" < x; < X" from time layer n to time

layer (n + 1), then we let ;7 = X((n + B8)At),0 < f < 1, and compute CT* and
CXT! as

ory = - (w1+ [S] - mpaee g [5] a- prcane),
CTr =0, i#1

n ou 0%u
xti =—([ao] + o] >)

CXTr =0, i#1

and
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6 0

Fi1G. 6.1. Comparison between the numerical solution (solid lines) and the analytical solution

dashed lines, hidden by solid lines). For the numerical solution, Az = 0.02 and CFL = 28t = 0.4.
( , Y ) e

Otherwise, we have CT]" = 0 and CXT;* = 0 for any grid point 4. If z7_1 < X" <z
at time n, then we can compute CX[" as

1 U 1 [0%u
CXT = TO9A ([U] + [gx} (@r-1—X")+ 5 {2932] (xr-1— X”)2>,
1 U 1 [0%u
Cxpr = g (1 + | 5] ter = x4 3| 5os] e = x002),
CTr=0, i#1,1-1.
Similarly, we can compute CXi”“. At the outlet x = R of the domain, an upwind
finite difference scheme is used to approximate the spatial derivative, and the cor-
rection C'X takes a different form. We also treat the effect of the discontinuity at
x = X(0) + at in the same way.

The results presented below are for a = 2, b =1, ¢(t) = ¢, L = —6, R = 6, and
g(z) = e~ 2a+2)”, Figure 6.1 shows the numerical solution and the analytical solution
at times t = 0,1,2,...,6. After time ¢ = 6, the initial wave, the singular source,
and the wave generated by the singular source have all exited from the domain. The
IIM produces the sharp jumps in the numerical solution and the correct wave-source
interaction.

To check the accuracy of the numerical scheme near the singular source, we look
at the solutions at time ¢ = 2, when the position of the singular source is at x = 2.
As spatial resolution changes, Figure 6.2(a) shows the change of the infinity norm of
the error based on the analytical solution. For each spatial resolution, a very small
time step corresponding to CFL = %‘; = 0.002 is used to ensure that the temporal
discretization error is negligible compared with the spatial one. Second-order accuracy
in space is indicated in Figure 6.2(a), as expected.

In order to check temporal accuracy, we obtain an accurate reference solution
by using a very small time step corresponding to CFL = 0.002. We compute the
numerical solution using different time steps with the same spatial resolution Ax =
0.05 as a reference. By subtracting the reference solution from a numerical solution
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F1G. 6.2. The infinity norm of the error as a function of (a) spatial resolution with CFL = 0.002
and (b) temporal resolution with Az = 0.05. Open circles: numerical error with the jump contribu-
tion CXT, x-marks: numerical error without the jump contribution CXT, solid lines: second-order
accuracy, dashed lines: first-order accuracy.

(a)

_0_56 L L L L L 2

F1G. 6.3. The effect of the jump contributions in the temporal discretization. Results (a) with
temporal jump contributions, (b) without temporal jump contributions. The results are for t = 2
with Az = 0.1 and CFL = 0.4. Solid lines: numerical results, dashed lines: analytical results,
dash-dotted lines: difference between numerical and analytical results.

calculated using the same space step but a different time step, we cancel out the
spatial discretization error and obtain the temporal error. The results are plotted
in Figure 6.2(b). Second-order accuracy in time is seen. If the jump contribution
CXT is not included, only first-order accuracy in time can be achieved, as seen in
Figure 6.2(b).

Figure 6.3(a) compares the numerical and analytical results at time ¢ = 2 with
Az = 0.1 and CFL = 0.4. The amplitude of the jump contribution CT has the
same order as the jump contribution C'X when At is of the same order as Ax. If the
jump contribution C'T" is not included, a numerical result can be totally wrong, as
also shown in Figure 6.3(b).

As the velocity can be piecewise smooth across a singular surface in a viscous
flow, jump contributions in the discretizations of the temporal terms in Navier—Stokes
equations can be nonzero. If they are of the same order as the leading ones in spatial
discretizations, the inclusion of the jump contributions in the temporal discretizations
may be necessary. The moving interface problem simulated by Li and Lai [20] is
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an exception. They considered the relaxation of a perturbed two-dimensional balloon
immersed in an incompressible viscous fluid. The tangential force along the balloon
surface is always zero in their case, so the velocity is smooth in both space and time,
though the pressure is not. The jump contributions in temporal discretizations are
always zero in this case. Recently, we designed an oscillating Taylor—Couette flow
to look at the effect of jump contributions for temporal discretization on temporal
convergence rate and temporal accuracy [36]. We found that the effect is very small.
Whether this is true in general remains to be investigated.

7. Discussion. Naturally, we ask whether we can improve discretization accu-
racy in the IIM to arbitrarily high order for three-dimensional incompressible Navier—
Stokes flows. We can derive equations for jump conditions by differentiating the
principal jump conditions with respect to the Lagrangian parameters and differenti-
ating the governing equations with respect to the Cartesian coordinates, as presented
in sections 5 and 6.1. To examine this possibility, we need to know whether the
number of derived equations is enough for unknown jump conditions and whether the
equation system has a unique solution.

Regarding the number of equations and unknowns, we introduce a lemma.

LEMMA 7.1. Paint m indistinctive balls with n different colors. Fach ball has
to be painted with one and only one color. The number of different nonordered color
combinations for the m balls is

m k1 ko kn—3  kn—2

(7.1) o= 2 D> > Mo

k1=0 k=0 k3=0 kp—2=0k,_1=0

with HY = 1 and H} = 1, where i is a positive integer.
Proof. Paint k1 (k1 = 0,1,2,...,m) balls using the same color. There are n — 1
colors and m — k; balls left. Therefore, for a particular value of ky, the number of

different outcomes is H;L;_lkl. Summing H?rlekl over all possible values of k; yields

m m
(7.2) Ho= > Mol = D it
k1=0 k1=0

Using recursion (7.2) repeatedly, the lemma follows. |

If we want the discretization accuracy of the second-order velocity and pressure
derivatives to be order of m — 1 (m > 2) in Navier-Stokes flow simulation, we need
jump conditions of all velocity and pressure derivatives of order m. In a simula-
tion of space dimension n, the number of unknown jump conditions of the velocity
derivatives of order m is HJ:,. Differentiating (3.10) with respect to the Lagrangian
parameters can provide H” ! equations for the unknowns, differentiating (3.12) can
provide H™~Y, and differentiating (2.1) with respect to the Cartesian coordinates
and then subtracting the resulting equation at S~ from that at ST can give H,_,
equations. For closure, we require

H:Lnil + H:Ln_—ll + HZL—Q 2 H:Ln

The same requirement applies to the unknown jump conditions of the pressure deriva-
tives of order m.

In three-dimensional simulations, n = 3, H2, = m + 1, and H3,
according to (7.1). Hence, we have

Moy + Moy + Moo = Mo

— (m+1)(m+2)
- 2
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that is, the number of equations is equal to the number of unknowns, supposing H;, _o

jump conditions for temporal derivatives in the equations (for example, [ adwzb ] in
(5.13) in the case when m = 3 and n = 3) are known. The equation system may have
a unique solution, which may be verified by induction with the use of the method given
in Appendix C. However, the H],_, jump conditions for the temporal derivatives are
not directly available. We need to find equations for them too. Asshown in section 6.1,
a unique solution to the required temporal-derivative jump conditions can be obtained
when m = 3. When m > 3, it is not clear whether a unique solution can be found.
Thus with the method that we present in this paper for deriving jump conditions,
ascending the discretization accuracy to arbitrarily high order is not achievable in the
IIM for three-dimensional Navier—Stokes flows.

Appendix A. Proof of Theorem 3.3. First consider the situation in which
G" has finite jumps at S. If necessary, smoothly extend S so that it cuts V into two
separated regions. Form a banded region Vs which encloses S with surface S:}Q at

one side of S and 86_/2 at the other, where 82;2 and 8672 are away from S by a small

distance 5. Thus,
i +5 )
6G / / oG drdS,
V. B:El ox?

where 7 = (x — Xq4s) - n with Xgs representing a fixed point at the infinitesimal
surface dS and n normal at Xg4s pointing to side S:;Q. Denote the region between

S:;Q and S as V; and the region between Se_/Q and S as V;. Analytically extend G*

in region V) to region V,, and name the extended function Gi. Analytically extend
G" in region Vs to region V;, and name the extended function G%. Introduce step
function h(r) as

0, <0,
h(r):{l r > 0.

Then,

+5 ) +5 i i
// 0 1rds = // O(R(r)Gy + M(=r)Gh) 4.4
ozt e oz’

://+2 OGy + h(r)(GL = GY) |
573

Ox*
+5 GE 8G§ 8h( ) L
_/S/_i (h()az-kh( )8xi+ 32(G Gg))drdS
Z +2 -
- 8@31 we [ SR / 5 o) (i - G)ards.

With 8;3) = &(r)n’, where §(r) is the Dirac ¢ function, we thus have

lim s dy = // n'[GY)drdS = / GdS,
e—0 v, 8xZ 5

where [-] denotes a jump calculated by (-)s+ — (-)s—. Here ST represents S:;z(e —0),

and 87 represents S_, (e = 0).
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V, divides V into three regions: V, itself, V*, and V—, where V* and ST are at
the same side of § and V™~ and &~ are at the same side. Hence, as € — 0,

OG? OG? OG? OG?
Lo VT L e VT VT /vsaxid"
= }{ G'N;dA + / (—n;GHdS + / n;G'dS + / n;[GY)dS = f G N;d A,
A S+ - S A

which completes the proof for the first situation that G has finite jumps at S.

The second situation, in which G* has a singularity of Dirac § function type, can
be proved by treating the Dirac 6 function as a weak limit of a hat function and then
using the result from the first situation.

Appendix B. Nonsingularity of C5. By writing the third row of Cs twice
and then rearranging rows, we expand Cy to C§ as follows:

Tll'rll 7117'12 + 7'12711 Tlle -+ 'rf’Tl1 7'12712 7127'13 + Tlez 7137"3
7'11 7'21 7'11 7'22 + 7'127'21 7'11 7'5’ + Tf’ 721 7'127'22 7'12 7'23 + Tf’TQQ 7137'5’
7‘117’Ll 7'11712 + 7'12711 Tlln3 + Tf’nl 712712 7'12713 + Tan Tf’n3
e _ 1.1 1,2 2,1 1.3 3.1 2,2 2.3 3.2 3.3
02 = Tll 7'21 7'11 722 + 7'12 7'21 7'11 T5 + T 721 712 7'22 7'12 TS + T 7'22 TITS
ToTy ToTy +T3Ty Ty 7'23 + 7'23 Ty T5T5 T5 Tég + 7'23 (D) T23 7'23
mant mn? 4+ Ent mnd 4t 2?2 m2nd +mn? mnd
1 0 0 1 0 1
We can rewrite C¥ as
7'11 7'12 7'13 0O 0 O
0 Tll 0 712 Tf 0
cCi 0 O 0o 0 0 7 7
e __ ek 1 2 3
C; =Ci05 = 0o C; O 5 T3 15 0 0 0
0 0 1 0 74 0 73 7 0
1 2 3
0 0 = 0 7™ ™
1 0 0 1 0 1

As () is nonsingular, C¢ is also nonsingular with inverse

crtoo oo
cH"t=( o ¢t o
0 o0 1

Thus, if rank(C3) = 6, then Cy is nonsingular. We present two methods to show
rank(C5) = 6.

B.1. Method I. As 7; # 0, one of 7{, 72, or 7¢ must be nonzero. Through
row and column permutations, C5 can be transformed to one of the following two
matrices:

7'12 Tf 7'11 0O 0 O Tf 7'12 7'11 0O 0 O
0 7'12 0 7'13 7'11 0 0 7'13 0 7'12 7'11 0
0 O 7'12 0 7'13 7'11 0 O 7'13 0 7'12 7'11

2 % 0 0 0 |, S o 1 0 0 0
0 722 0 Tg’ 721 0 0 7'5’ 0 722 721 0
0 O 7'22 0 T§ 7'21 0 O 7'23 0 7'22 7'21
1 0 0 1 0 1 1 0 0 1 0 1
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Both have the same structure and similar element ordering as C3. Therefore, we
suppose 7i # 0 and need to work on only this case.
Using elementary operations, we can transform Cj to C3* as

1 0 0 1 0 1

0 7 0 73 3 0

0 0 7 0 T2 T
Cy—-C3*=10 0 0 —s3 =211 —s2 |,

0 0 0 0 e f

0 0 0 0 g h

0 0 O 0 N3 —N?

with the following definitions:

1.1 3.3
So =TT +71T,

1.1 2_2
S3 =TTy +T{Tq,
N2 = 7'137'21 —7237'11,

3 _ 1.2 1,2
N* =115 — 19771,

2 2 2
e = (1370 + 1i713)83 — 2181 d3,

[ = dys3 — dzsa,
g = N?s3+ 2123 N3,
h = 52N3,

where
dy = 1i19 + 7073,
ds = {79 + TETS.
If N2 = N3 =0, then as 7} # 0,
- (mxm) =1 N '+ 2N + N3 =0=N'=0=1 x 2 =0,

where N' = 7273 — 7373, This is impossible. Thus, one of N? and N3 must be
nonzero. Suppose N3 # 0. By elementary operations, we can transform C3* to

1 0 0 O 0 0

0 0 73 T3 0

0 0 7 0 T2 T

0 0 0 -—s3 —2727 —S2

0 0 0 O N3 —N?

0 0 0 O 0 N3f + NZ%e
0 0 0 O 0 N3h+ N?g

Since
N°h+N?g = riri||m x 12||* #0,

we can conclude that rank(C3*) > 6. Supposing N? # 0, we can similarly show
rank(C5*) > 6. Cf is expanded from Co, and thus rank(C§) < 6. Therefore,
rank(C5) = rank(C5) = rank(C3*) = 6. The proof is completed. This proof gives a
way to solve (5.8).
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B.2. Method II. As 7y X 79 # 0, there exist matrices P, and P, such that
1 2 .3
T T{ T
P, ( Lo 3> P=T.
T2 Ty T3
where P, is a 2 X 2 elementary matrix, P, is a 3 X 3 elementary matrix without

. . 1 2 3 .
permutation operations, and T = (Zi Zg Zg ) is one of
b b b

1 0 0 1 0 0 01 0
01 0) 0 o0 1) 0 0 1)
Construct elementary matrices E, and E. as
P, 0 P, 0
Er - " 9 Ec - ¢ 9
( 0 I5x5) ( 0 IS><3>

where I, denotes an n X n unit matrix. With a series of actions by permutations
and E, and E., C5 can be transformed as follows:

o o 0 0 0 et € e 0 0 0

s 1 1 0 0 0 et el e 0 0 0

0 = 0 7 7 0 0 0 7 7 0
Co—E. | 0 o 0 & 7 0 [E.=| 0 7 0 7 7 0
0o 0 0 7 7 0o 0 0 7 7
0 0 = 0 72 75 0 0 = 0 7 75

1 0 0 1 0 1 10 0 1 0 1

o o 0 0 0 e € € 0 0 0

5 1 15 0 0 0 et € e 0 0 0

e2 0 0 e € 0 e2 0 0 e € 0

—E. | e 0 0 ¢ € 0 |E=|¢ 0 0 e € 0
0 0 7 0 7 7 0 0 7 0 7 7

0 0 7 0 7w 75 0 0 7 0 74 75

0 1 0 1 0 1 0 1 0 1 0 1

o o 0 0 0 et € e 0 0 0

75 7'22 w5 0 0 0 et eg e 0 0 0

0 e 0 e € 0 0 e 0 e e 0

— B 0 e 0 e e 0 E. = 0 e 0 e e 0

T b b b c b b b

e 0 0 € 0 ef e 0 0 € 0 ef

e 0 0 e 0 ef e 0 0 e 0 ef

0o 0 1 0 1 1 0 0 1 0 1 1

As matrix T takes different choices, the last matrix above correspondingly takes

100 0 0O 10 0 0 0 O 01 00 0O
01 00 O0O0 001 000 001 00O
0001 0O 0 00100 0 0001O0
00 001 0|, 01000 0, 01 00 0O
00 0 0 01 00 0 001 0 001060
0001 0O 10 0 0 0 O 100 0 0O
001 011 0 01 011 0 01 011

Thus, rank(C5) = 6.
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Appendix C. rank(C3) = 10. Expand C5 to C§ as

ool
Cgl C«SQ
3
B oo
0 i
0 i
0 i
cc=| o ¢
0 0
0 0
0 0
0 0
1 0
0 1
0 0

18
3
P
3

i
3
c
3
L2

If rank(C%) = 10, then rank(Cs) = 10.

Define a corner block

and decompose C¥ as

oy
o
o3
o3
o3
o3
o33
o3
12
032
032
0
0
0

10
oy
g
s

7'11 7'11 7'11 7'12 + 7'127'11 7'11 Tf’ + Tf’Tll
1.1 1,2 2.1 1.3 3.1
cc — 7'11 7'21 7'11 7'22 + 7'12 7'21 7'11 Ty + 79 7'21
3 TNTy  TITE 4+ TiTy TITS + TPy
721 7'21 7'21 722 + 722 7'21 7'21 723 + Tg 7'21
7'11 0 7'12 0 Tf’ 0
LR 5 0 7 0 715 0
1A 0 Tll 0 712 0 Tf’
1 2 3
0 n 0 7w 0 m

Through permutations, we can transform C¥ as

Cs — LIR] =

0o 73
0 Tg
712 0
722 0

0
0

T2

i

T2
0
0

0
0
1
T2

0 0 0
0 0 0
0 0 0
0 0 0
14 15 16
0%4 0%5 0%6
0224 0225 0226
2 2 2
0 Cci ¢l
0 C3* o
0 C¥ o
0 2
0 0 0
1 0 1
0 1 0
cP o op
c35 o3
CSS 0236 ’
c3p Cp
7'12 7'12 7'12 Tf + 7'13 712
7'12 7'22 7'12 7'23 + Tf 722
272 TR + il
7'22 722 722 T§ + r§> 722
Tll 7'12 7'13 0
5 12 15 0
0 7 0 73
0 7'21 0 722
0 0 711 0
0 0 7'21 0
o o0
2 1 1 0
0 72 0 7}
0 72 0 73
0 0 712 0
0 0 7'22 0

Ll oocoo

1975
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or

Tf’ 7'12 7'11 0O 0 O
0 712 0 711 0 723 722 721 0 0 O

2 1 3 2 1
CC LR = | T2 0 = 0 75 O 0O = 0 7 7 O
3 Lo 0 Tf 0 7'12 0 7'11 0 7'23 0 7'22 7'21 0
3 2 1 3 2 1
0 v 0 7w 0 = 0 0 7 0 1 7
0 0 7'23 0 7'22 7'21

SHENG XU AND Z. JANE WANG

Since L1, Lj, and L}* have the same structure and similar element ordering, and so
do Ry, R}, and R}*, we suppose 7 # 0 and need to work on only this case.
As 7{ # 0 and 7; X 72 # 0, there exists matrix P such that

1 2 3
TTT1T T P=T
7_1 7_2 7_3 — 4

2 2 2

where P is a 3 x 3 elementary matrix without permutation operations and 7" =

1 00

1 2 3\ .
(ei 55 eg) is one of
€, €, €
<0 1 0

Construct elementary matrix F as

o~

P
0 I3z

) (:

0

0
0

)

With a series of actions by permutations and E, C¥

0

—_

can be transformed as follows:

)

e; e e 0 0 0

eé eg eg’ 0 0 O

c . 0 7'11 0 7'12 7'13 0

Cs = Lnky —» LilhE =1y 0 7 0 7 7 0

0 O 7'11 0 712 Tf

0 O 721 0 722 723
7'11 7'12 7'13 0O 0 O
TfOTllOTfO 7'217'227'5’000
_)72207210750 e 0 0 e € 0
0 72 0 o 0 7} e2 0 0 e e 0
072207'2107'23 007’1207'117'13
0 O 7'22 0 7'21 7'23

et e e 0 0 0

eé e% eg’ O1 03 0

e 0 0 e e 0

= L2R2 — LQRQE = LQ 6:27 0 O 6:1) 6% 0

0 O 7'12 0 7'11 Tf

0 O 722 0 721 723
7'11 7'12 7'13 0O 0 O
7'507'1107'120 7'217'227'5’000
_)73072107220 e 0 0 e 0 ef
0 7 0 7 0 7 e 0 0 e 0 e
0 75 0 7 0 73 0 e 0 e € 0
0 e 0 e e 0
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e; € e 0 0 0
et el e 0 0 0
e 0 0 € 0 ¢
= L3R3 — L3R3E = L3 6% 0 0 6% 0 €It1) = L4R4.
0 ¢ 0 e e 0
0 eg’ 0 eg e% 0

When

1 .2 3

T — €t € €
“\el €2 e
b € 6

O =
— O
o O
N—

we continue to transform C% as

— N 7N\
s
Bhoh
o ol

7'13 0 O 7'12 0 7'11 0 0 O
3 2 1
. 5 0 0 75 0 m 0 0 O
LaRy = 0 7 0 7 7 0 - 0 7f 2 0 E
0 'rg 0 721 722 0 0 721 722 TS 0
1 0 0 0 0 O o 000
0O 1 0 0 0 O L 72 22 0 0 0
:oﬁloffrfo_)ToQToQTleooE
0 4 0 72 7 0 1 0 0 0 0 O
1 000 0 O 1 00 0 0 O
| 01 0 0 00 . 01 00 0O
1 00 01 0 0 0001 0O
1 0 00 0 O 000 O0O0TUO0
When
T— er €2 e} _(1 00
er e €} 0o 0 1)
we continue to transform C% as
Tli 0 O Tli 0 7'11 7'11 le le 0 0 O
. 5 0 0 7w 0 m 5 T 15 0 0 0
LaRy = o 0 0 0 - 0 0 o 7 7o E
o2 1 0 0 0 0 0 = 72 7 0
10 0 0 O O o 000
001 0 0 O L 722 22 0 0 0
:007117127?0_)7;)27878100E
00 74 72 7 0 1 0 0 0 0 O
1 000 0 O 1 0 00 0 O
| 001000 . 001 0 0O
1 00 01 0 0 0 001 O0O0
1 0 00 0 O 00 0 O0O0TUO0

Combining all the row-operating elementary matrices as a 4 x 4 elementary matrix
E¢ and all the column-operating elementary matrices as a 6 x 6 elementary matrix
E¢, we can write transformations to C% as

10 0 000
¢ mepepe_ | 0t 2 0 00
Cs—ECE =43 o o0 10 0|

00 0 00 0

where (v1,7?) equals (1,0) or (0,1).
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Construct elementary matrices @, and Q. as

EC 0 (ES 0
Qr<0 Illx11)7 Qc<0 I4x4)'

With a series of actions by permutations, @, and @., C§ can be transformed as
follows:

1 0 0 0 0 0 0 0 0 0
0 v+ 42 0 0 0 0O 0 0 0
0 0 0 1 0 0 0 0 0 0
0 O 0 0 0 0 0 0 0 0
0 Cci' 0 P oCc¥ o0 o oo oo
0 C3 0 R B o0 C* P o o
0 C3 0 CR CF 0 M ocP o
05— Q,05Q.=| 0 C¢3' 0 € P 0 G 0P O 0
0 0 Ccl 0 C2 B o0 ot o e
0 0 C3' 0 CP P o P P
0 0 CI' o0 P cB o0 R b C
0 0 CI' 0 O CB 0 C* P
1 0 0 1 0 1 0 0 0 0
0 1 0 0 0 0 1 0 1 0
0 O 1 0 0 0 0 1 0 1
1 0 0O 0 00 0 O 00O
0 7' 4200 00 0 0 0
O 0 O 1 0 0 0 0 0O
O 0O O 00 0 0 0 00O0
O 0 O 00 01 0 00O0
0 72 0 0000~ 00
0 0 0O 0 00 0 O 10
— O 0 O o0 0 0 0 0 00O
O 0 0O 00 O0O0O O 01
20 0 0000400
O 0 O 00 00 1 00
0 0 0O 0 00 0 O 00O
0 O 1 0 00 0 1 0 1
O 0 O o101 0 10
1 0 0 1 0 1 0 0 0 O

When (71,42) equals (1,0) or (0,1), it can be seen that the rank of the last matrix
above is 10. Thus rank(Cs) = rank(C%) = 10.
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